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Discrete Approximations to Optimal Trajectories Using Direct
Transcription and Nonlinear Programming

Paul J. Enright* and Bruce A. Conwayt
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

A recently developed method for solving optimal trajectory problems uses a piecewise-polynomial representa-
tion of the state and control variables, enforces the equations of motion via a collocation procedure, and thus
approximates the original calculus-of-variations problem with a nonlinear programming problem, which is
solved numerically. This paper identifies this method as being of a general class of direct transcription methods
and proceeds to investigate the relationship between the original optimal control problem and the approximating
nonlinear programming problem, by comparing the optimal control necessary conditions with the optimality
conditions for the discretized problem. Attention is focused on the Lagrange multipliers of the nonlinear
programming problem, which are shown to be discrete approximations to the adjoint variables of the optimal
control problem. This relationship is exploited to test the adequacy of the discretization and to verify optimality
of assumed control structures. The discretized adjoint equation of the collocation method is found to have
deficient accuracy, and an alternate scheme that discretizes the equations of motion using an explicit Runge-
Kutta parallel-shooting approach is developed. Both methods are applied to finite-thrust spacecraft trajectory
problems, including a low-thrust escape spiral, a three-burn rendezvous, and a low-thrust transfer to the moon.

Introduction

A LTHOUGH optimal trajectory problems usually origi-
nate as function-space optimization problems, they are

almost exclusively solved by finite-dimensional approxima-
tions. Essentially, two approaches have emerged over the past
35 years. In the first, the necessary conditions for optimality
are derived using calculus-of-variations techniques. The re-
sulting two-point boundary-value problem (TPBVP) is solved
numerically, where some sort of discretization is introduced.
We refer to this approach as "indirect." The second approach
is to discretize the variational form of the original problem,
i.e., to approximate the optimal control problem with a dis-
crete optimization problem, which is then solved numerically.
We refer to this approach as "direct."

Many methods have been developed to solve the TPBVP
that results from the indirect approach to the optimal trajec-
tory problem. The list includes neighboring extremal methods,
the method of gradients,1 quasilinearization,2 finite difference
methods,3 and collocation techniques.4 The main drawbacks
of the indirect methods are the requirement for an initial guess
for the adjoint variables of the TPBVP, the sensitivity of the
Euler-Lagrange equations, and the frequent occurrence of
discontinuities in the optimal control.

A variety of direct methods have been proposed and imple-
mented. They are best categorized by their handling of the
discretization of the equations of motion, which appear as
function-space constraints in the original optimal control
problem. The most straightforward approach to discretizing
the equations of motion is to use a numerical integration
procedure. The integration procedure may be a single step or
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multistep, explicit or implicit. The so-called "mathematical
programming" approach developed in the sixties and early
seventies5"7 usually employed an explicit single-step integra-
tion formula to convert the equation-of-motion constraint
into a set of discrete algebraic constraints (one set for each
integration step). The problem becomes a "multistage" dis-
crete optimization problem.8 In addition, the interior state
variables were usually eliminated by propagating the integra-
tion scheme forward, using the initial state and the control
sequence. This reduced the problem to a discretized-control-
space optimization problem, which is relatively uncon-
strained. The alternative to this state-elimination procedure is
to leave the interior states as variables, retaining the con-
straints that the integration formula be satisfied at each step.
The result is a programming problem that is fairly large and
includes a large number of constraints. This approach was
referred to as "direct transcription" by Canon et al.5 For
nonlinear problems, the difficulty associated with solving the
resulting nonlinear programming (NLP) problem made this
approach unattractive for many years. However, other direct
methods were and continue to be used. One popular approach
is to assume a simple parameterization of the control history
(e.g., polynomials) and integrate the equations of motion
forward (sometimes called "direct shooting"). Another ap-
proach is to represent the state and control by polynomials,
using an integral penalty function scheme to convert the prob-
lem into a sequence of unconstrained discrete optimization
problems.9'11

In 1987, Hargraves and Paris12 reintroduced the direct tran-
scription method in a new form, discretizing the equations of
motion using a collocation scheme. The collocation scheme
used was one that Dickmanns and Well13 employed to solve
the TPBVP of the indirect method, which was a particular
implementation of a general collocation method for TPBVPs
presented by Russell and Shampine.4 Note that Dickmanns
and Well used the collocation scheme to reduce the indirect
TPBVP (in the state and adjoint variables) to a set of nonlin-
ear equations, which they solved using a modified Newton's
method. Hargraves and Paris used the collocation scheme to
reduce the equations of motion (state only) to a set of nonlin-
ear constraints for the direct-approach NLP problem, which
they solved using a sequential quadratic programming (SQP)
technique.14 A direct collocation method had been used by
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Neuman and Sen15 for linear-quadratic problems, which re-
quires solution of a quadratic programming problem that is
much less difficult than the nonlinear problem. Neuman and
Sen,15 Renes,16 and Kraft17 all proposed methods similar to
that of Hargraves and Paris for nonlinear problems, but none
gave numerical results.

It can be shown that the collocation integration methods are
equivalent to implicit Runge-Kutta methods,18'19 and thus the
direct collocation method falls into the category of direct
transcription methods described earlier. However, this rela-
tionship is not obvious. In addition, the NLP technology
required to solve complicated nonlinear optimal control prob-
lems using this type of method has only recently become
available. These factors have obscured the relationship be-
tween the direct collocation method and the older mathemati-
cal programming methods.

In the following, we reinterpret the direct collocation
method as a direct transcription method using an implicit
integration formula. We also implement a new method that is
essentially an adaptation of the parallel-shooting method for
TPBVPs20'21 for the discretization of the equations of motion
in the direct transcription approach to the optimal trajectory
problem.

The parallel-shooting method uses an explicit Runge-Kutta
integration formula that has been used previously in conjunc-
tion with the state-elimination method described earlier.
Abadie,22 Hager,23 and Kelley and Sachs24 compared the nec-
essary conditions for the original optimal control problem to
the necessary conditions for the discretized NLP problem to
obtain convergence information. This analysis carries over
directly to our parallel-shooting implementation. For the col-
location method, we present a similar analysis, concluding
that the method suffers from a deficient accuracy in the dis-
cretization of the adjoint equation that is imposed by the
optimality conditions.

Transcription Using Hermite Interpolation and
Simpson Quadrature

Consider the discretization of the differential equation

for /€ [0,/y] (1)

Introduce the partition [tQ, t\, . . . , tN], with t0 - 0 and tN = tf,
and tQ<t{< ... <tN, and let ht = f/ - f / _ i for / = 1,. . ., N.
The mesh points f/ are referred to as "nodes," whereas the
intervals [ f / _ i , f/J are referred to as "segments" (after Har-
graves and Paris). The x(t) is to be approximated by values at
the nodes, xf = x(tf) for / = 0, . . . , TV. The conditions that
approximate the differential equation (1) are derived as fol-
lows. Obtain estimates of x(t) at the segment centers
yt =x(ti_i + hi/2) using Hermite-cubic interpolation25 from
the adjacent nodes, derivatives being provided by evaluation
of the differential equation at the nodes,

(2)

Next evaluate the derivative at the interpolated center value
/(y/), and integrate across the segment using Simpson 's
quadrature rule. We require

(3)

or, alternatively, we require that the "Hermite-Simpson de-
fects,"

A, = X, : _ , - JC, , + -^ \f(X, _ ,) + 4/O,) + /(*,)]

be equal to zero for / = !,..., TV. Note that this defect
definition (4) is simply the collocation defect given by Har-
graves and Paris12 multiplied by the factor 2/Z//3. (We have
ignored the control process for now.) This pairing of an inter-
polant with a quadrature rule to generate an integration for-
mula has been studied extensively. Butcher26'27 and others19-21

demonstrate that these methods are equivalent to implicit
Runge-Kutta methods. The relationship between these meth-
ods and collocation methods has been studied by Wright,18

Hulme,28 Weiss,19 and Ascher et al.21 The Hermite-Simpson
combination used before dates back at least to Kunz (1957).29

The equivalence of this particular method with an implicit
Runge-Kutta method was pointed out by Butcher,26 and the
collocation interpretation was provided by Weiss,19 who also
demonstrated the efficiency of this method for discretizing
boundary-value problems.

We now consider the transcription (i.e., discretization) of
an optimal trajectory problem using the Hermite-Simpson
defects. For simplicity, let us consider a problem in the Mayer
form with an autonomous dynamical system.

Determine the control u(t), the corresponding trajectory
x(t) [jc(0) given] and the final time //, to minimize the cost
function <p[x(//),//], subject to the equation-of-motion con-
straint,

— = /(*,«) for *€[(),//] (5)

with *6 (Rn, and u£ (Rm, and the terminal constraints,

),'/] = 0 (6)

with ^€(R^. The classical approach to this problem8 is to
adjoin the constraints to the cost in the following fashion to
form the augmented-cost functional:

(7)

with the multipliers ?€ <S(.q and the adjoint variables A(/)€ &"•
Necessary conditions for optimality are derived by requiring
that L be stationary with respect to variations in x(t)y u(t),
and tf.

The well-known conditions are

— = -F(jc,i/)rX, with F(JC,W) = — (8)dt dx

with boundary condition,

> with (9)

the control optimality condition,

ArG(jt,w) = 0, with G(jt,w) = — (10)
du

(or the minimum principle if applicable) and the transversality
condition,

dtf
01)

(4)

Introduce the uniform partition [tQ, t\,. . ., tN]9 with t0 = 0
and tN = tf. Let */ and «/ be the state and control vectors at the
/th node, and assume the nodes are (evenly) spaced at
* / - / / _ ! = /!= tf/N. The discrete-approximate NLP problem
using Hermite-Simpson transcription can now be stated as
follows.

Determine the control sequence [i/0,1/1,. . ., UN], the corre-
sponding trajectory [jc1? jc2, . . . , XN] (x0 given), and the final
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time tf, to minimize the cost function <p[xN,tf] subject to the
equation-of-motion constraints,

A,=0 , / = ! , . . . , N

and the terminal constraints,

t[xN,tf] = 0

where

(12)

(13)

A, = *;_!-*/+- \f(Xi _ !,«,- _ ,) + 4/<>,, V,) + f(Xi ,11,-)] (14)
o

V/ = -( If/) (16)

The conversion performed is identical to that given by Har-
graves and Paris,12 except for the slightly different definition
of the "defects," Eq. (14). Note the linear interpolation for
the control Eq. (16).

As in the continuous case, we adjoin the constraints to the
cost to obtain (the Lagrangian):

where we define

ifr = ~(A* + A* -[

+ F(yk+l,vk+l)T\k+l]

for k = 1 , . . . , TV- 1.

(23)

This is clearly a discretization of the adjoint differential
equation (8) that is imposed by the discrete optimality condi-
tions, and we shall refer to Eqs. (22) and (23) collectively as
the "discrete adjoint equation." The discrete multipliers ap-
proximate the adjoints of the continuous problem at the seg-
ment centers, A^ = \k(tk-i + h/2). Abadie22 and Canon et al.5
derived similar conditions for other (explicit) integration
methods used in the state-elimination approach. We have
written the discrete adjoint equation of the Hermite-Simpson
method as an interpolation/quadrature pair, but note that the
interpolation (23) is not Hermite cubic, and the quadrature
rule (22) is not Simpson. The Hermite-Simpson integration
method has an order h5 local truncation error.21 But the
adjoint integration has an order h3 error.30 The effects of this
accuracy deficiency are discussed next.

Preceding as before, differentiation with respect to XN pro-
vides the terminal boundary condition for Eq. (22):

L = A/A, (17) == T— , with 3>[xN,tf] = <p + (24)

The Karush-Kuhn-Tucker (KKT) necessary conditions for op-
timality14 are obtained by differentiating L with respect to the
state and control variables at the nodes, and the final time,
and setting the derivatives to zero. We examine the interior
state variables (x\,. . . , XN_ i) first:

where

and

= Ayv + ~[ - 2F(yN,vN)TXN - F(xN,uN)TyN'] (25)
o

dxk i =i '' dxk

But xk affects the adjacent defects A* and A*+ l only, so

(18)

(19)

for k = 1, . . . , N - 1. From the defect definition, Eqs. (14)
and (15), we can obtain

+ F(yk,vk) (20)

and

dxk
+ \,vk+l)\F(xktuk)

(21)

where /is the n x n identity matrix. Substituting into Eq. (19)
and rearranging gives

A* + A*+ ! + ~[-F(yk,vk)T\k -

-F(yk+\,vk+l)T\k+l] = 0 (22)

\N = \N + -[ - F(yN,vN)T\N] (26)

which corresponds to the continuous condition, Eq. (9).
Ne*t consider the control variables. Control at an interior

node affects only the defects of the adjacent segments, so

(27)

for k = 1 , . . . , N - 1 . The derivatives are

and

(28)

duk

G(yk+i,vk+i) (29)

Rearranging, and using Eq. (23), the condition becomes
L
-[G(yk,vk)T\k + G(xk,uk)Trik + G(yk+l,vk+l)T\k+l] = 0

(30)

This is a discretized version of the continuous control condi-
tion (10). Note that the condition is averaged over the interval
[tk - h/2, tk + h/2] in some sense. The derivatives with re-
spect to i/o and UN yield similar conditions, and the derivative
with respect to final time yields a condition analogous to the
continuous transversality condition (II).30
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The deficient accuracy of the discrete adjoint equation has
not prevented the accurate solution of optimal trajectory
problems using the Hermite-Simpson procedure.12'31 Hager23

discusses similar deficiencies in the application of certain ex-
plicit integration procedures and concludes that they degrade
the accuracy of the optimal control approximation. We have
observed numerically that the adjoint approximations that
result from the Hermite-Simpson method are indeed inferior
to the state approximations, but a deleterious effect on the
optimal control approximations has only been observed in
conjunction with the "center controls" modification dis-
cussed later.

The linear treatment of the control presented before seems
inefficient, especially in light of the cubic state representation.
Indeed, Margraves and Paris32 used a cubic spline control
representation for their trajectory optimization routine OTIS.
In our version of cubic-spline controls, we introduce new
variables wf at each node, which correspond to normalized
control derivatives. Hermite interpolation is used to determine
the control at the center:

v, = -(i//_ ! + ii,) + -(H>,_ i -
L o

(31)

In addition, the following spline conditions (continuity of
second derivative) are imposed at each interior node25:

i+ ! = 0 (32)

for / = 1, . . . , N - 1. Writing the KKT conditions as before,
the control conditions are

~[G(yk,vk)T\k G(yk+ l

+ 1 = 0 (33)

and

— [~ G(yk,vk)T\k + G(yk+l,vk+l)TXk+

+i = 0 (34)

where the nk are the multipliers corresponding to the spline
constraints, Eq. (32). The method used in OTIS is similar, but
the control interpolation involves the segment time, and this
makes the spline conditions nonlinear in the discrete variables.
In our normalized version, the spline constraints are linear,
but the mesh must be uniform. This method is applied to some
problems next.

A more straightforward approach is to simply add new
variables v/ that correspond to the control at the segment
centers, independent of the adjacent nodal values, v, =
u(ti- i + h/2) for / = 1, . . . , N. This approach has been im-
plemented by the authors and also by Betts and Huffman,33

and we refer to it as the "center control" method. The control
conditions become

h
3

2h

(35)

(36)

Note that this is a pointwise discretization of the continuous
control condition. This feature couples with the inaccurate
discrete adjoint interpolation equation and leads to an unde-
sirable feature of the control approximation. This is simply

shown; using the definition of 17 in Eq. (23) for k - 1 and for
k, and adding, we obtain

(37)

Recognizing the Hermite interpolation over the 2h interval,
i o/»

(38)

Equation (37) becomes

(39)

which shows that the discrete adjoint is forced to be linear
across the segment. For many optimal trajectory problems,
the optimal thrust direction is the negative of the direction of
the velocity adjoint (the "primer vector"). For transcriptions
of these problems, the control conditions, Eqs. (35) and (36),
force the control approximation to follow the linear behavior
of the discrete adjoint across a segment. Numerical experi-
mentation verifies that the center control approach leads to
this linear control behavior and thus does not provide an
improvement on the linear control method for this class of
problems.

The cubic spline control approach avoids this problem by
enforcing the spline constraints, Eq. (32), and by averaging
the control condition over the segment, Eqs. (33) and (34). A
better solution might be to change the form of the integration
procedure to improve the discrete adjoint equation. The au-
thors sought a simple modification to the collocation proce-
dure that would render the discrete adjoint equation accurate
to the same order as the state discretization. Many methods
were formulated (and experimented with numerically), but
none displayed the desired discrete adjoint form while main-
taining the accuracy of the state discretization and remaining
computationally competitive.30 Eventually, we abandoned col-
location and implicit integration procedures and considered
implementation of an explicit integration procedure.

Transcription Using Runge-Kutta and Parallel-Shooting
Consider discretizing the equations of motion using an ex-

plicit Runge-Kutta formula. As before, we introduce the (uni-
form) partition [tQ, t\,. . ., tN] and define h = * / - / / _ ! . We
have state variables at each mesh point jc/ = xfa). Control
variables are provided at the mesh points // and also at the
center points f/ + h/2: «/ s «(//) for / = 0,. . . , N and
v/ = u(tj- i + h/2) for / = ! , . . . , N. From a given mesh
point, f / _ i , the equations of motion are integrated forward
from Xj- i to the next mesh point t, using the control «/_ i, v/,
and tij by a step of a four-stage Runge-Kutta formula:

y} = *,_i+-/(*/-i

yf =Xi-i

yf = * ,_ ,+ \ /- i) + 2/O/, v,) + 2/O,2,v,)

(40)

(41)

(42)

(43)
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where yf is an estimate of the state at the next mesh point, so
for continuity we require that the "Runge-Kutta defects"

A/ = yf - (44)

all be zero for / = 1,. . . , N. Abadie,22 Hager,23 and more
recently Kelley and Sachs24 used this Runge-Kutta formula to
transcribe optimal control problems, but they used the state-
elimination approach, i.e., they used Eqs.«(40-43) recursively
to propagate the state forward from tQ to // using the control
sequences Uk and vk. This elimination of the interior state
variables does not affect the convergence analysis (so the
discrete adjoint equation is unchanged). Abadie showed that
this Runge-Kutta formula results in a discrete adjoint equation
of the same Runge-Kutta form. Hager investigated this sym-
metry property for a variety of single-step and multistep meth-
ods. Kelley and Sachs considered the behavior of a Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm14 applied to this
transcription.

In our current notation, the discrete adjoint equation be-
comes30

(45)

(46)

(47)

A/ = A, -! -[- F(y? ,Ui)o
\i - 2F(y? ,

with boundary condition

dxN

(48)

(49)

Note that Eq. (48) could be solved for A / _ i and propagated
backwards from Eq. (49). Note also that A* = \(tk), i.e., the
discrete multipliers approximate the adjoints at the mesh
points. The control conditions are

/! ,v/) V + G(y?9v,)Til] = 0

and

= 0

(50)

(51)

For the final time condition (transversality), consult Ref. 30.
Both the Hermite-Simpson integration procedure and the

Runge-Kutta procedure have order h5 local truncation er-
rors,27 although numerical experience of the authors and oth-
ers32 suggests that the Hermite-Simpson procedure is usually
more accurate for a given step size. However, the Runge-Kutta
method has several advantages. Because the adjoint equation
is of the same Runge-Kutta form, the adjoints are approxi-
mated with the same accuracy as the states (h5). Also, because
the Runge-Kutta method is explicit, it can be incorporated into
a parallel-shooting approach that we now describe.

The idea is to replace the single step of the Runge-Kutta
procedure described earlier with multiple steps, allowing the
use of larger intervals, and resulting in smaller nonlinear pro-
gramming problems to achieve the same accuracy. Additional
control variables must be introduced in each interval to ac-
commodate the multiple integration steps.

Let p be the number of integration steps per interval,
[f/_!,//]. As usual we provide states and controls at the mesh
points Xj =x(tj) and u/ = u(tf). In addition, we provide the
center controls v/j = «(//_ i + jh/2p) for j = 1,. . ., 2/7-1
and for / = 1,. . ., N. First we integrate from £/_ i forward
one step to / / _ i + h/p using Eqs. (40-43) with the controls
ii/_i,v/i , and v/2. Using the resulting estimate of the state at
ti- i + h/pj we continue to integrate forward, using the addi-
tional controls v/2,. . . , viy2p- i, and finally «/, to obtain an
estimate of the state at the next mesh point, x / , which replaces
yf in the defect formula, Eq. (44). Figure 1 depicts this situa-
tion for p = 3. This is an adaptation of the parallel-shooting
method devised for the solution of TPBVPs.20'21

Note that the parallel-shooting approach is somewhere in
between the direct transcription and state-elimination meth-
ods. If the number of integration steps per interval is one (with
many intervals), the method becomes direct transcription, and
if the number of intervals is one (with many integration steps),
the method becomes state elimination. As the intervals get
large, sensitivity problems can appear; however, the parallel-
shooting approach allows one to control accuracy and robust-
ness independently. The most efficient strategy is to use as
many intervals as it takes to get robust behavior and to use as
many integration steps per interval as it takes to achieve the
required accuracy. Next we compare the performance of the
Runge-Kutta parallel-shooting method with the Hermite-
Simpson method for an optimal trajectory problem.

Exploitation of the Discrete Adjoints
We have shown that at the solution of the nonlinear pro-

gramming problem, the Lagrange multipliers corresponding
to the defects are a discrete approximation to the adjoint
variables of the continuous optimal control problem. This
information can be readily exploited, in a postprocessing pro-
gram, to assess the adequacy of the discrete approximation.
One simple test is to extract the adjoints at the final time, as
well as the states, and to integrate the state and adjoint equa-
tions (5) and (8) backwards to t0> using the control generated
by the control optimality condition, Eq. (10). If the initial
state Jt(/0) is accurately recovered, then the continuous TPBVP
has been solved, and this verifies optimality as well as feasibil-
ity of the discrete-approximate solution. Note that for the
Hermite-Simpson method, the Lagrange multipliers approxi-
mate the adjoint variables at the segment centers, and one
must either extrapolate to obtain the final adjoints or use the
multipliers corresponding to the terminal constraints (13) at
the solution and the terminal boundary condition (9) to solve
for the adjoints at the final time. (We prefer the latter.) For
the parallel-shooting method, the Lagrange multipliers ap-
proximate the adjoints at the mesh points, so the values at the
final time are available directly.

The discrete adjoint information can also be used a posteri-
ori to evaluate the optimality of an assumed control switching

RKstep

ti-l i-i+ h/3 ti-i+ 2h/3

Fig. 1 Illustration of the parallel-shooting method.
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structure for the application to finite-thrust spacecraft trajec-
tories. The solutions to these problems usually consist of an
alternating sequence of maximum-thrust (MT) arcs and coast
arcs.34 To solve such problems accurately and efficiently using
the direct transcription method, it is necessary to guess the
structure of this sequence a priori.31 This is because the control
discontinuities must be at "phase" boundaries.12 Also, nu-
merical experience has shown that unless a solution structure
is assumed, the additional degrees of freedom may prevent the
optimizer from converging to a solution. This assumed struc-
ture may not be optimal. However, the optimality may be
determined by examining the general optimal control neces-
sary conditions using the discrete approximation to the states
and adjoints.

Consider the general thrust-limited spacecraft trajectory
problem

dr
dt

'= v

dv— = g(r)

da— = sa2/c
dt

(52)

(53)

(54)

where g(r) is the gravity model, a is the thrust acceleration
corresponding to maximum thrust, s is the throttling parame-
ter (0<s<l) and c is the effective exhaust velocity. Given
f(4))» v(/0), anc* #(^o)» we wish to satisfy some terminal con-
straints,

$[r(tf),v(tf),tf] = 0 (55)

while minimizing the integral of the throttling parameter
(equivalent to minimizing the fuel expenditure or Av)

J = s dt

The necessary conditions are

r_ _ .
dt ~ drv

dt

dt

The boundary conditions are

T
=

\a(tf) = 0

The control optimality conditions are

U = - Av

Table 1 Low-thrust escape transcription data

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

Method Variables CPU/s Error
Hermite/Simpson (60)
Parallel
Parallel

shooting
shooting

(34 x 3)
(5x 20)

427
385
270

190
95
72

3,
1.
3,

.4

.5

.1

X
x
X

10-5
10-
10-

5
5

Fig. 2 Low-thrust escape trajectory.

s = \ if $>0, 5=0 if $<0 (64)

where the switching function $ is

$ = a\v - \aa2/c - 1 (65)

The negative of Xv is referred to as the "primer vector." It
determines the optimal thrust direction, and its magnitude is
involved in the switching function (65).

For transcription, we first convert this problem into an
assumed-structure form. For example, let us assume that the
optimal solution consists of an MT arc followed by a coast arc
and completed with another MT arc (valid for many transfer
problems). We also use the integral-matching method (or
"generalized defects")31 for the coast arc, which replaces
propagation of the state equations of motion with constraints
that the integrals of the (unforced) motion be the same at the
end of the first MT arc and the beginning of the second MT
arc. The converted problem can be stated as follows.

Minimize the sum of the burn times,

= (t\- to) + (tf - t2) (66)

subject to equations of motion (52-54) on [?o,^i] and [t2,tf], the
integral-matching conditions,

= Q[r(t2),v(t2),a(t2)] (67)

and the terminal constraints, Eq. (55), where t\ is the time at
the end of the first MT arc, and t2 is the time at the beginning
of the second MT arc. Over the MT arcs the adjoint equations
(57-59) and the control condition (63) still obtain. But the
switching condition (64) does not obtain since the thrust is
assumed to be maximum (nor does this condition apply over
the coast arc, which has essentially been removed from the
problem30).

We solve the assumed-structure problem using direct tran-
scription. Then we use the discrete state and adjoint informa-
tion to evaluate the switching condition (64) over the MT arcs.
(In this context, we refer to Eq. (65) as the "discrete switch
function.") If this switching condition is violated, i.e., if the
discrete switch function is negative on an MT arc, then the
solution to the assumed-structure problem does not solve the
general problem, and thus the assumed structure is not opti-
mal. The switch function can also be tested over the coast arc
(it should be negative), but to get state and adjoint informa-



1000 ENRIGHT AND CON WAY: OPTIMAL TRAJECTORIES

tion, Eqs. (52-54) and (57-59) must be integrated forward
from the end of the previous MT arc or backward from the
start of the following MT arc. If we observe a violation of the
switching condition anywhere, we modify the assumed struc-
ture (by adding a coast arc or an MT arc) and solve the
problem again. This process can be continued until the switch-
ing function agrees with the burn structure.

Solved Problems
Low-Thrust Escape

The first example we consider is a low-thrust escape. The
vehicle starts in a circular orbit of radius 1 (canonical units are
used in which the gravitational parameter p = 1) and burns at
a constant thrust-acceleration level (a =0.0125) for a fixed
duration (// = 16?r). The thrust-pointing history is to be opti-
mized to maximize final energy. Coast arcs are not allowed,
and so the trajectory is represented by a single phase. This
problem was transcribed and solved using the Hermite-Simp-
son approach with cubic-spline controls, and also using the
parallel-shooting approach developed before. The NLP rou-
tine used was a version of NPSOL35 included in the Numerical
Algorithms Group (NAG) library.36 All cases were executed
on the Cray X-MP/48 at the National Center for Supercom-
puting Applications at the University of Illinois at Urbana-
Champaign. Figure 2 shows the optimal trajectory. The final
(specific) energy was - 0.05. The accuracy of the discrete
solutions was tested using the backward integration approach

burn 2

target at
initial time

Fig. 3 Two-burn rendezvous trajectory.
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Fig. 4 Two-burn rendezvous discrete switch function for burn 1.

Fig. 5 Three-burn rendezvous trajectory.

mentioned earlier. Table 1 describes the various transcrip-
tions. The accuracy given is the root-sum-square of the errors
in the recovered initial states. The Hermite-Simpson version
used 60 segments. Two versions of the parallel-shooting
method are presented. The first used 34 intervals with 3 inte-
gration steps per interval. The second used only 5 intervals
with 20 integration steps per interval. Note that both parallel-
shooting approaches are better than the Hermite-Simpson ap-
proach, with regard to execution time and problem size, for
roughly the same accuracy.

Two-Burn Rendezvous
The second example we consider is a thrust-limited ren-

dezvous problem. The spacecraft starts in a circular reference
orbit of radius 1 (again p = 1) and is required to rendezvous
with a second spacecraft in a circular orbit of radius 3 within
a specified final time. The final time was 10.0, the initial target
lead angle was 258 deg, the initial acceleration was 0.1, and the
exhaust velocity was 1.5 (all in canonical units). The impulsive
version of this type of problem has been studied exten-
sively,37'39 and the optimal number of impulses has been
shown to be dependent on the initial lead angle of the target
and the allowed final time.

We first assumed that the solution consisted of two MT arcs
separated by a coast art. Initial and final coasts were also
allowed, and all coast arcs were handled via the matched-inte-
gral method. (For rendezvous problems, the method must be
modified to calculate coast arc durations.31) This two-phase
problem was transcribed using the Hermite-Simpson method
with cubic spline controls. With 8 segments per phase and the
3 sets of generalized defects, there were a total of 18 nodes.
The NLP problem had 128 variables and 105 constraints.
Execution time was 5.1 s. The tentatively optimal trajectory is
shown in Fig. 3. The solid lines represent MT arcs, and the
dashed lines represent coast arcs. The total Av in canonical
units with respect to the initial reference orbit was 0.6425. We
then examined the discrete switch function during the thrust
arcs. Figure 4 shows the switch function $ over the first burn
and clearly indicates nonoptimality of the assumed structure.

Three-Burn Rendezvous
We then assumed a three-burn structure (three phases and

four sets of matched-integral constraints) and resolved the
problem. This structure required 27 nodes, generated an NLP
problem with 192 variables and 159 constraints and required
24.6 s for solution. The optimal trajectory is given in Fig. 5;
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the total Av was 0.6045. Note that the first burn is essentially
a retroburn and is driven by the final time constraint. Figure
6 shows the switch function over the whole trajectory obtained
by a backward integration of the state and adjoint equations
for this solution and verifies the correctness of the control
switching structure.

Note that this procedure of adding burns until the general
necessary conditions are satisfied is analogous to a similar
procedure developed for impulsive problems.37'39 Also note
that if one assumes too many burns, the burn time for the
extraneous burn is driven to zero, eliminating it from the
problem structure. Nonoptimal initial and final coasts are
similarly removed.

Earth-Moon Transfer
As a final example, we solved a low-thrust Earth-moon

transfer problem. Circular-restricted three-body assumptions
were used. The spacecraft starts in a geosynchronous orbit
about the Earth and is required to transfer to a circular lunar
orbit of radius 8448 km. The initial thrust acceleration was
2 . 2 x l O ~ 3 m/s2, and the effective exhaust velocity was
4.9 x 104 m/s. The solution was assumed to consist of a single
Earth-escape MT arc and a single lunar-insertion MT arc,
separated by a translunar coast arc. A dual coordinate system
approach was used, where the equations of motion for the
Earth MT arc and the first half of the translunar coast arc
were written in Earth-centered polar coordinates. The equa-
tions for the second half of the translunar coast arc and the
lunar insertion MT arc were written in polar coordinates cen-
tered at the moon. Both coordinate systems rotate with the
Earth-moon system. A constraint is then introduced at the
transition point (temporal center of the translunar coast arc)
that enforces the appropriate coordinate transformation. This
approach allowed us to take advantage of the smoothness of
polar coordinates but avoided the ill-conditioning associated
with parameterizing an essentially lunar orbit with Earth-cen-
tered polar coordinates (and vice versa).30

The transcription was done using the parallel-shooting ap-
proach. We used 12 intervals per phase and 5 integration steps
per interval. The resulting NLP problem had 573 variables and
191 constraints. The execution time was 377 s. Figure 7 shows
the optimal trajectory (in the rotating frame). The total Av
was 2.23 km/s. The total time of flight was 15.9 days.

This problem is the most ambitious we have solved to date.
However, we suspect that much larger problems can be solved
using this method. In particular, it is desirable to solve lunar-
transfer problems for lower thrust levels, lower initial and
final orbit radii, and for the noncoplanar case. The main
obstacle is the size of the nonlinear programming problem that
results. (Other enhancements, such as lunar eccentricity and a
better Earth gravity potential, do not affect the problem size.)
We have several suggestions for tackling this class of prob-
lems. First, the previous problem was solved using uniform
mesh point distribution within a phase (and also the same
number of mesh points for each phase). The data suggest that

Earth burn coast arc
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burn 3
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Fig. 6 Three-burn rendezvous switch function.

10

this is extremely inefficient, and an intelligent redistribution
should be performed. Second, the NLP algorithm NPSOL is
not designed to handle large sparse problems efficiently. The
authors have had some success with the MINOS package40

that is designed for large-scale systems, and we recommend it
for problems with more than 400 variables. Finally, alternate
coordinate systems could be employed to possibly increase the
smoothness of the solution, reducing the number of mesh
points required. A variation-of-parameters approach or other
strategies41 might be attempted.

Conclusions
The collocation method of Hargraves and Paris has been

shown to be a specific implementation of the general direct
transcription method for approximating optimal control prob-
lems by nonlinear programming problems. Convergence anal-
ysis of the Hargraves-Paris method revealed a deficient accu-
racy of the discrete adjoint equation. An alternate scheme
using a parallel-shooting implementation of a Runge-Kutta
method was developed that has a discrete adjoint equation of
the same form (and accuracy) as the state integration. Both of
these methods have been applied successfully to several opti-
mal spacecraft trajectory problems, including a low-thrust
escape spiral, a three-burn thrust-limited rendezvous, and low-
thrust lunar transfer. The discrete adjoint information was
exploited to verify the accuracy of the discrete approximations
and to evaluate the optimality of assumed control switching
structures.
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